Abstract: This work investigates the resonant modes of a 12-fold symmetric defect free photonic quasicrystal (PQC) nanorod array using finite difference time domain (FDTD) simulation. Localized modes can exist in PQC without introducing defects due to the lack of translational symmetry. The resonant modes of the unit cell PQC and the one time expanded PQC from unit cell are systematically examined. The resonant spectrum is that of a single rod modified by the interaction among PQC nanorods. The mode confinement is contributed by guided resonance and destructive interference scattering. The self-scaling similarity of resonant spectrum and mode profile are also investigated.
Introduction
Photonic quasicrystals (PQCs) have generated substantial research interests due to their fascinating properties [1] [2] [3] [4] [5] [6] [7] [8] [9] . Unlike photonic crystals, PQCs do not have a periodic structure but follows simple deterministic generation rules. The generated patterns have a long range order and lie somewhere between disorder and periodic structures. They have a high level of rotational symmetry which periodic structures cannot have. Due to the lack of translational symmetry, PQCs do not support extended Bloch waves as in photonic crystals (PCs). The optical modes are critically localized, which means modes are confined in space but decay more weakly than exponentially [10] . Another interesting property of PQC structures is their scaling symmetry, in which the basic quasicrystal pattern repeats itself as the size of the structure expands by geometric scaling factors. There have been interests in exploring the use of PQCs in microcavity and distributed feedback laser applications [11] [12] [13] [14] [15] [16] [17] . Lasing can be observed from optically focused pumped PQCs without the need of introducing defects [11] [12] [13] [14] [15] [16] [17] [18] . This is because localized modes inherently exist in PQCs. The resonant modes of PQC can have fairly complicated mode patterns and resonant peak distribution, which have not been well explored.
Here we report a systematic study of the resonant modes of a 12-fold symmetric defect free PQC. We are interested in the spectral structure and mode pattern. Conventionally, air holes are often placed at the vertices of a lattice pattern. We place pillars at the vertices instead. This allows us to study the changes of the mode field as the structure expands from a single rod to various PQC sizes. We have also investigated the mode localization and scaling symmetry property. Figure 1 (a) illustrates the lattice structure of the 12 fold symmetric PQC. It is composed by the vertices of a square-triangle tiling, which is generated from a dodecagonal seed structure by using the Stamfli inflation rule [19] . The dodecagonal seed structure (unit cell) is shown in Fig. 1(a) , marked in black circle. The seed structure is then expanded by an inflation factor of 2 3 + , as show in the dashed red lines. The unit cell is duplicated at each vertex of the inflated dashed red lines. For the convenience of reference, we call this one time expanded structure the first off-spring cell. Figure 1 (a) shows a partially filled first off-spring cell, where unit cell has not been duplicated at the most outer vertices. The scaling similarity is inherent in the construction rule as can be seen by comparing the dashed red lines and the blue-line unit cell at the center. The square-triangle tiled dodecagon structure repeats itself as the size expands by the inflation factor. The construction can be iterated till filling the desired space. Figure 1(b) is a schematic of the unit cell with hexagonal pillars placed at the vertices, which consists of 1 central rod + 6 surrounding rods + 12 outer most rods. The dots are the point sources used in simulation to excite the resonant modes of the PQC. The two additional pillars added at the top are only for illustration purpose to describe a point source (4) used in resonant mode calculation for the first off-spring cell. The hexagon is chosen due to the natural crystalline structure of the GaN material used to fabricate a PQC sample. The sample was fabricated from a GaN substrate by patterned top-down etch and epitaxial regrowth [18] . Multiple quantum wells (MQWs) were grown on the nanorod surface. The photoluminescent (PL) emission of MQWs is around 460 nm. Figure 1 The dimension used in the simulation is as follows. The width of the hexagonal pillar sidewall is 340 nm. The center-to-center pillar spacing is 750 nm. The refractive index of GaN is taken to be 2.4. The fabricated pillar is about 1.2 μm in length standing on a GaN substrate. For simplicity, the simulation is carried out by two-dimensional Finite-DifferenceTime-Domain (FDTD) method. Here, we are mainly interested in the general characteristics of the modes of PQC. The finite pillar length is regarded as a second order modification to the simulation results. The electric field polarized along the pillar axis is used in simulation. It is selected because the reflection for electric field parallel to pillar axis is stronger than the perpendicular one. Modes in this polarization experience a stronger confinement by the pillars and therefore are the modes of interest.
Structure model

Simulation results and discussion
We first study the scattering properties of the PQC by calculating its reciprocal pattern, which is obtained by 2-D Fourier transform of the PQC lattice points. Here, we have only calculated finite size PQCs. The calculated results for a unit cell, the first off-spring cell, and the second off-spring cell are shown in Figs. 2(a)-2(c), respectively. The reciprocal pattern shows 12-fold rotational symmetry as expected. The pattern complexity increases dramatically as the PQC structure expands. The first off-spring cell is obtained by inflating the unit cell lattice structure and duplicating the unit cell at every vertices of the inflated structure. By the nature of this construction rule, the reciprocal pattern (Fourier transform) of the first off-spring cell is equal to that of the unit cell [ (Fig. 2(a) )] multiplied by the reduced copy of itself by the inflation factor. This leads to the complicated fine structures as shown in Fig. 2(b) . We then investigate the resonant modes of the PQC pattern. We start with a unit cell. A point source is used to probe the resonant modes and spectrum. A short Gaussian pulse width of 2 fs centered at 450 nm is launched at source locations 1, 2, 3, as shown in Fig. 1(b) , and an additional one slightly offset from location 1 (not shown). The 2 fs short pulse width ensures a very broad band excitation. A long enough propagation time is used in the simulation to obtain a steady state E-field distribution. The spectrum is obtained by performing the Fourier transform of the recorded time-domain signal for both electric and magnetic fields, followed by Poynting flux computation. Figure 3(a) shows the calculated spectra, where the blue, red, green, and gray lines are obtained from the source locations 1, 2, 3, and the offset one, respectively. The resonant peaks do not show obvious regularity. The peaks also changes for different excitation source locations. The center source 1 generates the strongest intensity peaks than the off-center sources. This is because the center source automatically satisfies the rotational symmetry of PQC, therefore can excite the resonant modes better. We consider all the distinct peaks as the resonant modes. To confirm this argument, we also carried out simulations by only changing the lattice constant to 735 and 772 nm using the center source 1. The resonant peaks redshift with increasing rod spacing, as shown in Fig. 3(b) . This scaling property with lattice spacing is the evidence of QPC resonance. The change in spectral shape is because the rod dimension and the pulse were not scaled proportionally. To understand the origin of these peaks, we have also calculated the resonant spectrum of a single hexagonal rod by launching an excitation source at its center. Figure 3(c) shows the calculated spectrum. It consists of a broad resonance at 460 nm and a narrow one at 543 nm, which correspond to a fairly lossy and a well confined mode, respectively. The lossy nature of 460 nm resonance implies that it can significantly interact with the resonant modes of the surrounding rods. This results in the multiple resonant peaks around 460 nm in Fig. 3(a) . The narrow 543 nm resonance on the other hand is less affected by its surrounding rods due to its well confined nature, therefore keeping its line shape almost unchanged with only very small side peaks added in Fig. 3(a) . This may also explain the less position change of 543 nm peak as compared with other peaks in Fig. 3(b) . The cavity quality factor of the 460 nm resonance of a single rod is 12. This Q factor is enhanced to 65 for the resonant modes in the unit cell. To investigate the resonant mode pattern, we identify three resonant peaks excited by the center source 1, λ = 458, 494, and 538 nm, and the one excited by the source 3, λ = 455 nm. The mode patterns are obtained by injecting a narrow band signal at each peak wavelength and letting the field distribution settled after sufficient long propagation time. The mode profiles are shown in Figs. 4(a)-4(d) . The resonant profiles excited by the center source 1, as shown in Figs. 4(a)-4(c) , are mostly confined within the inner two layers, i.e. one central rod plus six surrounding rods. Figure 4(d) shows the 455 nm resonance excited by the off-center source 3. It has a skewed resonant pattern due to its asymmetric rod surrounding, as compared with Fig. 4(a) . The mode profiles of the two resonances of the single rod spectrum in Fig. 3(c) are also calculated. The 460 nm single rod resonance shows a radial propagation pattern, as shown in Fig. 4(e) . The same characteristic is also present in Figs. 4(a), 4(b) , and 4(d), indicating that they are originated from the same 460 nm resonance of a single rod. The single rod resonant mode at 543 nm, as shown in Fig. 4(f) , is a whispery gallery mode with high field intensity circulating around the rod boundary. The same pattern is also present in Fig.  4(c) where surrounding rods are excited with similar pattern but much lower intensity. This indicates that its origin is from the 543 nm resonance of a single rod. We then investigate the resonant modes of the first off-spring cells by similar approach. The calculated resonant spectrum excited by the central excitation source 1, as shown in Fig.  5(a) , reveals more distinct resonant peaks as compared with that of the unit cell. The field intensity and linewidth are greatly enhanced with respect to that of the unit cell under the same excitation condition, indicative of much better field confinement. The cavity Q factor of resonance is significantly enhanced from 65 in unit cell to 540 in first off-spring cell. This is attributed to the feedbacks provided by the added outer two layers of unit cells in the first offspring cell. The 538 nm whispering gallery mode becomes negligible as compared with other radial propagating modes. This implies that the added rods greatly enhance the confinement of the radial propagation modes while having little effect on the whispering gallery mode. Figure 5 (b) plots the resonant spectra excited by various source locations shown in Fig. 1(b) . Similar to the previous result, the resonant peaks are sensitive to different excitation sources. The lasing spectrum versus pump power intensity from a previous report is shown in Fig. 5 (c) for qualitative comparison [18] . The lasing peaks reveal the PQC resonant modes within the MQW gain bandwidth. It shows similar irregular peak distribution but lack of peak to peak matches. The discrepancy could be due to the overly simplified 2D model and limited MQW gain bandwidth. The inclusion of propagation in normal to the substrate direction in a real 3D model will change the resonant mode locations and may change some of them into radiative modes [20] . The absence of 494 nm peak could be due to its location at edge of MQW gain bandwidth, which rolls off at 500 nm. In addition, its mode field has a significant high intensity portion located outside the rods, in particular the six red lobes surrounding the center rod as shown in Fig. 4(b) . The 458 nm mode on the contrary has most of high intensity mode field located inside the rods. The 494 nm mode thus sees less model gain since rods provide the gain. This further limits its ability to reach lasing threshold. Fig.  4(a) , mode pattern similar to the unit cell is maintained. The additional six unit cells surrounding the center one provides better mode confinement by channeling the optical energy back to the center region. It is interesting to see the pseudo wave guiding effect formed by the surrounding rods. Figure 6(c) shows the mode profile of the λ = 494 nm resonance. Figure 6 (d) is its enlarged center portion. There is no pseudo wave guiding. Instead, the surrounding rods provide the mode confinement by destructive interference like random scattering. We now turn to the self scaling similarity property, which is inherent in the inflation construction rule. To test this property, the center wavelength of the broad band excitation source was redshifted to ~1300 nm. The results are depicted in Fig. 7 . The resonant spectral pattern shown in Fig. 7(a) is similar to that of the unit cell shown in Fig. 3(a) . The 1285 nm and 1398 nm peaks correspond to the 458 nm and 494 nm peaks in the unit cell, respectively. Figure 7 (b) shows the calculated mode pattern of the λ = 1285 nm peak. The mode profile is similar to that of the unit cell shown in Fig. 4(a) . The individual rod dimension is negligible at this wavelength. The rods collective together in a unit cell structure, denoted by the large hexagons, determines the mode pattern as individual rod does in Fig. 4(a) . This demonstrates the interesting self-scaling similarity property inherent in the PQC construction rule. 
Summary
PQC represents an interesting class of pattern that is between ordered and completely random structure. Localized resonant modes can exist without introducing any defect due to lack of translational symmetry. The resonant mode can be well confined in the first-offspring cell, which is just the first expansion from the unit cell. The resonant spectrum can be viewed as that of a single rod modified by the scattering interaction among rods in PQC pattern. The interaction can form pseudo wave guiding channels and destructive interference like random scattering to provide the mode confinement. The self scaling similarity inherent in the PQC construction rule is also demonstrated in the resonant mode and spectrum calculation.
